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Abstract Composite diaphragm inﬂation (CDI) experiment is a useful methodology for exploring
the mechanics relation of cell-cell junctions within a living epithelial sheet. In this paper, a new
methodology of CDI experiment has been put forward. The ﬁnite deformation of a circular poly-
dimezhylsiloxane elastomeric membrane, which is used as the substrate for the culture of epithelial
cells, under hydrostatic pressure is explored by the theory of non-linear continuum mechanics.
The simpliﬁed governing equations with minimum amount of diﬀerential equations and boundary
conditions are obtained and solved by multiple shooting method. The inﬂuences on the membrane by
hydrostatic pressure have been discussed. c© 2012 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1206102]
Keywords elastomer membrane, hydrostatic pressure, cell mechanics
Over the past several decades, a wide variety of
experimental techniques for mechanical stimulation of
cell and tissue cultures have been developed. These de-
vices can be categorized in terms of their loading modal-
ity: compression, longitudinal stretch, bending, axisym-
metric substrate bulge, out-of-plane circular substrate
distention and ﬂuid shear.1–5 The ﬂexible-bottomed
circular plates are widely used as the substrates in
which strains are imposed by motions of deformable
circular substrates. In 1985, Banes et al.6 introduced
the ﬁrst ﬂexible-bottomed circular cell culture plate
for mechanostimulus work. The ﬂexible substrate was
stretched downward by the vacuum applied to the un-
dersurface of the substrate. Then the strain can be
imparted to the culture layer (Fig. 1(a)). In 1989, Win-
ston et al.7 introduced another ﬂexible-substrate sys-
tem. The substrate was inﬂated upward by positive
pressure rather than vacuum (Fig. 1(b)).
The normal human epidermal keratinocytes in vivo
are organized as a multicellular epithelium and express
specialized cell-cell anchoring junctions that intercon-
nect microﬁlaments and intermediate ﬁlaments within
adjacent cells in the formation of a mesoscopic net-
work cytoarchitecture.8 For the understanding of reason
why the epidermis has an innate mechanical resilience
and the pathogenesis of disease, mechanical investiga-
tion of adherent cells is an important method.9 Un-
fortunately, most techniques are not well-matched for
investigating the mechanical functions of cytoskeletal
networks within a living keratinocyte sheet. In 2008,
Selby et al.10 introduced a mesoscopic methodology that
was composite diaphragm inﬂation (CDI) for the explo-
ration of the rheology of a living epithelial sheet. The
freestanding polydimethylsiloxane (PDMS) elastomer
membrane used as the substrate of epithelial sheet was
inﬂated into a horizontally liquid reservoir containing
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Fig. 1. (a) Substrate displacement by means of vacuum, (b)
substrate displacement by means of positive pressure, (c)
substrate displacement in liquid culture medium, (d) sub-
strate displacement by means of non-uniform liquid pres-
sure.
liquid culture medium (Fig. 1(c)).
In CDI experiments, the PDMS elastomer mem-
brane specimens are so highly compliant that the inﬂu-
ence of the liquid pressure cannot be neglected.11 Con-
sidering the obvious inﬂuence on the inﬂation of the
substrate, we proposed a new CDI experiment device
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Fig. 2. PDMS membrane.
to investigate the response of epidermal keratinocytes
subjected to ﬁnite deformations in vitro. The PDMS
elastomer substrate is inﬂated downward by the non-
uniform pressure caused by the liquid culture medium
(Fig. 1(d)).
The theoretical analysis of the membrane is impor-
tant for the comprehending of the whole process of the
experiment. The solution is complicated for the highly
nonlinear situations. Unlike the tradition researches
of elastomer membrane with uniform pressure,12–15 the
PDMS in this new CDI experiment was inﬂated by non-
uniform liquid pressure. In this paper, the ﬁrst-order
governing diﬀerential equations are deduced to research
the inﬂation of PDMS membrane. The deformed mem-
brane deformation, curvatures and stretch ratios are all
obtained by solving the governing equations with the
shooting method. In the process of calculation, the liq-
uid height hl should be chosen to be the initial input
parameter.
The cylindrical coordinates are more convenient to
describe the axisymmetric deformation of the mem-
brane. As depicted in Fig. 2, let the cylindrical coordi-
nates (R,Ψ, Z) deﬁne the position of a material particle
in the middle surface of the membrane in the reference
conﬁguration, the coordinates (r, ϕ, z) in the deformed
conﬁguration. The angle between axis z and normal line
of meridian at any material particle is replaced by co-
ordinate θ. The angle between the reference plane and
the meridian plane which includes the material particle
is replaced by coordinate β.
Based on the geometric relations of the deformed
membrane, we can deduce the relations
dr
ds1
= cos θ, (1a)
dz
ds1
= − sin θ, (1b)
where s1 is the arc length along a meridional line from
the membrane pole to the point M(r, z). Also from ge-
ometric conditions, the deformed membrane curvatures
κ1, κ2, and incremental stretch ratios λ1, λ2, λ3, can be
expressed as
κ1 = cos θ
dθ
dr
, (2a)
κ2 =
sin θ
r
, (2b)
λ1 =
dr
cos θdR
, (3a)
λ2 =
r
R
, (3b)
λ3 =
h
H
. (3c)
For incompressibility materials, λ3 = 1/(λ1λ2).
Using Eq. (3a) to eliminate r from Eqs. (2a), (1a),
(1b) yields16
dθ
dR
= κ1λ1,
dz
dR
= − sin θλ1. (4)
The equilibrium equations governing the deforma-
tion of membrane segments acted by liquid pressure can
be obtained by many approaches.16 Based on the shell
theory of force—free moment, the equilibrium equations
can be shown to be
dT1
dr
=
1
r
(T2 − T1) , (5a)
κ1T1 + κ2T2 = ρg(hl + z) = γ(hl + z), (5b)
where, the in-plane stress resultants T1, T2 are Cauchy
stresses per unit length.
Associating Eqs. (2a), (2b), (3a), (5b) yields
dθ
dR
=
rγ(hl + z )− T2 sin θ
T1r
λ1. (6)
Substituting Eq. (3a) into Eq. (5a) yields
dT1
dR
=
cos θλ1
r
(T2 − T1) . (7)
One of the most common isotropic constitutive
model for incompressible materials is the Mooney-
Rivilin (M-R) model, characterized by a form of W
given by
W = C1(I1 − 3) + C2(I2 − 3), (8)
where C1 and C2 are constants to describe the material
properties with dimensions of stress. I1 and I2 are the
isotropic invariants.
Assuming that C2 = nC1 and associating Eqs. (3b)
and (8), the principal stress resultants, T1 and T2 can
be expressed as17
T1 =
2h0R
λ1r
(
λ21 −
R2
λ21r
2
)(
C1 + nC1
r2
R2
)
, (9a)
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Fig. 3. The distribution of (a) stretch ratios λ1 and λ2, (b)
stress resultants T1 and T2, (c) curvatures κ1 and κ2 and (d)
the deformed outlines with diﬀerent height of the liquid.
T2 =
2h0R
λ1r
(
r2
R2
− R
2
λ21r
2
)(
C1 + nC1λ
2
1
)
. (9b)
Using Eq. (9a) to eliminate R and associating
Eqs. (3a) and (7) yields
dλ1
dR
= f(r,R,C1, n, h0, λ1). (10)
Substituting Eqs. (6), (3a) into Eq. (2a) yields
κ1 =
rγ(hl + z)− T2 sin θ
T1r
. (11)
The boundary conditions are
r (R = 0) = 0, θ (R = 0) = 0,
z (R = a) = 0, r (R = a) = 1. (12)
Introduce the following dimensionless variables
R∗ = R/a, r∗ = r/a, z∗ = z/a, T ∗1 = T1/(C1h0),
T ∗2 = T2/(C1h0), γ
∗ = γa2/(C1h0), h∗ = h/a.
Rewrite the equations and R∗, r∗, T ∗1 , T
∗
2 , z
∗, h∗, γ∗
are replaced by R, r, T1, T2, z, h, γ for convenience. The
non-dimensional governing equations can be expressed
as
dθ
dR
=
rγ(h+ z)− T2 sin θ
T1r
λ1,
dr
dR
= cos θλ1,
dz
dR
= − sin θλ1,
dλ1
dR
= f(r,R, n, λ1), (13a)
κ1 =
rγ(h+ z)− T2 sin θ
T1r
,
κ2 =
sin θ
r
, λ2 =
r
R
, (13b)
where
T1 =
2R
λ1r
(
λ21 −
R2
λ21r
2
)(
1 + n
r2
R2
)
,
T2 =
2R
λ1r
(
r2
R2
− R
2
λ21r
2
)
(1 + nλ21). (14)
In Eq. (10), dλ1/dR can be expressed as
dλ1
dR
= λ1[cos θ (T2 − T1)λ41r3R2 + 2λ41nr5
−2λ51nr4R cos θ + 2nr3R2 − 2nr2R3 cos θλ1
−2λ41r3R2 + 2λ51r2R3 cos θ − 6R5 cos θλ1 +
6rR4]/[2rR(nr2 +R2)(λ41r
2 + 3R2)].
The non-dimensional boundary conditions are
r (R = 0) = 0, θ (R = 0) = 0,
z (R = 1) = 0, r (R = 1) = 1. (15)
A classical boundary calculation problem is de-
picted by the diﬀerential equations and boundary con-
ditions. Fix the value of h, γ and n, then we can employ
a multiple shooting method to solve the equations. To
avoid the calculation diﬃculties caused by the geomet-
ric singularity at the membrane pole, numerical inte-
grations interval begins at 0.000 1 and the value of the
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basic variables are initiated using two-term Taylor series
expansions.
The data during an actual CDI test are cited as
follows: a = 2.5 mm, ρ = 1009.6 kg/m3, C2/C1 =
1/39, C1 = 17 544.643 Pa and g = 9.81 m/s
2.11 So
n = 0.025 64, γ = 0.352 8. Three inﬂation states with
diﬀerent h are discussed as follows.
To validate our simulations, we compared our re-
sults to the inﬂation response of an MR membrane,
which parameters were assumed as p(r) = γ(hl + z),
ΔMR = 0, C2/C1 = 1/39, calculated by Selby and
Shannon.11 Although not shown here, our results of the
behavior of the membrane are the same as their pro-
posed solutions.
In Fig. 3, the stretch ratios, λ1, λ2 and the stress re-
sultants, T1, T2 steadily decrease towards the clamped
boundary. Compared with the radial components λ1,
T1, the hoop components λ2, T2 have larger rate of
descend. For curvatures κ1, κ2, the change trends
are adverse to those of stretch ratios and stress resul-
tants. The deformations with diﬀerent h near the mem-
brane pole are associated with a spherical geometry, so
λ1 = λ2, κ1 = κ2 and T1 = T2 at the pole are always
right. In the deformation plot (z vs. r), the relation-
ship, z and h is nonlinear, which is diﬀerent with that
of linear materials under small deformations.
The rheological behavior of the cell layer can be in-
ferred from the diﬀerences between the volume-pressure
inﬂation response of the PDMS membrane with epithe-
lial sheet and that of the PDMS membrane measured
prior to cell culture. In order to show the behavior
of volume-pressure response, we must ascertain two pa-
rameters: the pressure of air under the membrane p and
the variation of the liquid height Δh produced by the
inﬂation of membrane in CDI experiments depicted by
Selby and Shannon.11 While, in the improved method,
the inﬂation pressure at the clamped boundary of the
specimen and the inﬂation volume can all be easily de-
termined by only one parameter: the height of the liq-
uid h because the pressure can also be expressed as the
function of h. So the whole process of the experiment
can be simpliﬁed and h becomes the most important
parameter.
In this paper, we only use four diﬀerential equations
and four boundary conditions to successfully simulate
the ﬁnite deformation of the membrane and show that
the inﬂation of the membrane can be produced by the
liquid not the air, which simpliﬁed the experiment.
In future work, the behavior of volume-pressure re-
sponse will be investigated to show the applications in
the improved CDI experiments by methods of theory
and experiment.
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